For active and sterile neutrinos, we present the globally allowed solutions for two neutrino oscillations. We include the SNO CC measurement and all other relevant solar neutrino and reactor data. Five active neutrino oscillation solutions (LMA, LOW, SMA, VAC, and Just So 2 ) are currently allowed at 3σ; three sterile neutrino solutions (Just So 2 , SMA, and VAC) are allowed at 3σ. The goodness of fit is satisfactory for all eight solutions. We also investigate the robustness of the allowed solutions by carrying out global analyses with and without: 1) imposing solar model constraints on the 8 B neutrino flux, 2) including the Super-Kamiokande spectral energy distribution and day-night data, 3) including a continuous mixture of active and sterile neutrinos, 4) using an enhanced CC cross section for deuterium (due to radiative corrections), and 5) an optimistic, hypothetical reduction by a factor of three of the error of the SNO CC rate. For every analysis strategy used in this paper, the most favored solutions all involve large mixing angles: LMA, LOW, or VAC. The favored solutions are robust, but the presence at 3σ of individual sterile solutions and the active Just So 2 solution is sensitive to the analysis assumptions.
Introduction
The epochal Sudbury Neutrino Observatory (SNO) measurement [1] of the CC rate for solar neutrino absorption by deuterium provides an important new constraint on the allowed neutrino oscillation solutions. We present in this paper solutions for the globally allowed regions that include, in addition to the SNO CC measurement, the available data from the Chlorine [2] , Gallium [3, 4, 5] , and Super-Kamiokande [6] experiments.
We also explore the robustness of the global solutions to different analysis strategies.
The most radical test we make is to determine the allowed solutions if only the total rates of the solar neutrino experiments are used, ignoring the beautiful data from the Super-Kamiokande measurements of the spectral energy distribution and the day-night variations. This test is motivated by the fact that the Super-Kamiokande day and night recoil energy spectra provide 38 different data points, while the rates of the chlorine experiment, the two gallium experiments, and SNO provide together only 4 data points. Some authors have questioned whether χ 2 fits to the complete data set overweight the Super-Kamiokande data because of the large number of spectral energy bins [7] .
We take both sides of the somewhat philosophical question of whether the 8 B neutrino flux should be allowed to vary without considering constraints from the solar model. We find self-consistent global solutions both with and without imposing the solar model constraints.
We require (cf. [8] ) that the 8 B neutrino flux be treated the same way in all aspects of the calculation, either completely free when evaluating both the rates and the energy spectrum or constrained everywhere by the solar model predictions. We also require that the 8 B neutrino flux be identical in all parts of the calculation. Finally, we avoid double counting the Super-Kamiokande rate measurement; we do not include the measured flux normalization both in the rate measurement and in the spectral energy distribution. Many other analyses do not satisfy these requirements.
We treat sterile neutrinos on the same basis as active neutrinos, which implies that our χ 2 plots are made in terms of three free parameters : ∆m 2 , tan 2 θ, and a third parameter, cos 2 η, which defines the active-sterile admixture. We carry out calculations for a variety of values of cos 2 η, but the absolute minimum in χ 2 always lies in the active neutrino plane. We also describe how the allowed regions are affected if one rules out a priori the possibility that sterile neutrinos exist and therefore constructs the allowed regions in χ 2 using, as has usually been done in the past, only two free parameters: ∆m 2 and tan 2 θ.
Why do all these tests? There are not yet enough solar neutrino experiments to ensure cross checks and redundancy in the data. Therefore, different plausible analysis schemes can lead to different conclusions. The existence of a particular allowed region, e. g., the SMA solution or the Just So 2 solution, may depend upon which of several possible plausible analysis schemes are used. Our motto is: "If its not robust, its not believable."
In Section 2, we summarize the calculational procedures. Because of the excellent agreement between the predicted standard solar model flux of 8 B neutrinos (see ref. [9] , BP00) and the combined SNO [1] and Super-Kamiokande [6] measurement, we include the theoretical fluxes and their BP00 uncertainties in our standard analysis. We also use a 'level playing field' prescription for evaluating the allowed active and sterile neutrino solutions. We present in Section 3 the allowed solutions that exist if all the solar neutrino data, including the spectral energy distribution and day night data of Super-Kamiokande, are included in the analysis. Considering only the total rates in the chlorine, gallium, Super-Kamiokande, and SNO experiments, we present in Section 4 the allowed solutions for this extreme case. We also investigate the effects of allowing the 8 B flux to vary unconstrained by solar model predictions, of using a larger CC cross section for deuterium (motivated by possible effects of radiative corrections [10] ), and of a hypothetical reduction by a factor of three in the total quoted error for the SNO CC rate. We summarize our results in Section 5.
Calculational Procedures
We use, unless stated otherwise, the techniques and parameters for the analysis that we have described elsewhere [8] and [11] .
Once the SNO results are included in the analysis, all of the solutions with sterile neutrinos are relatively poor fits to the totality of solar neutrino data. Many different regions of the sterile neutrino parameter space provide comparable fits to the available data. We have therefore made one significant departure from previous analysis techniques for two neutrino oscillations: we treat the active and sterile neutrinos as different aspects of the same two-neutrino oscillation scheme. This procedure 'levels the playing field' for active and sterile neutrinos. The assumption of oscillation into either all active or all sterile neutrinos describes the limiting extremes of a continuum in which the oscillation occurs into a linear combination of active and sterile neutrinos, see discussion in ref. [12] of four neutrino oscillations.
Our theoretical framework contains three free parameters: ∆m 2 , tan 2 θ, and the third parameter, cos 2 η, which defines the active-sterile admixture. We focus here only on the two limiting cases,cos 2 η = 1, 0 . Since the parameter space is threedimensional, the allowed regions for a given C.L. are defined as the set of points satisfying the condition
where ∆χ 2 (C.L., 3 d.o.f.) = 6.25, 7.81, 11.34, and 14.16 for C.L. = 90%, 95%, 99% and 99.73% (3σ) respectively, and χ 2 sol,min is the global minimum in the threedimensional space. A similar procedure is used in searching for allowed solutions for three and four neutrino oscillations [12, 13, 14, 15] .
If one chooses to ignore the possibility of sterile neutrinos, then one should use in Eq. (2.1) ∆χ 2 (C.L., 2 d.o.f.) instead of ∆χ 2 (C.L., 3 d.o.f.). The corresponding numbers for 2 d.o.f are ∆χ 2 (C.L., 2 d.o.f.) = 4.61, 5.99, 9.21, and 11.83 for C.L. = 90%, 95%, 99% and 99.73% (3σ), For the case in which only active neutrinos are considered, the numbers for χ 2 min given in the various tables in this paper can be used together with the above values of ∆χ 2 (C.L., 2 d.o.f.) to determine the smaller allowed regions.
Following Fogli, Lisi, and Montanino [14] and de Gouvea, Friedland, and Murayama [16] , we present our results in terms of tan 2 θ rather than sin 2 2θ in order to include solutions with mixing angles greater than π/4 (the so-called 'dark side').
In our statistical treatment of the data, we follow the analysis of ref. [15] , with the updated uncertainties and distributions for neutrino production fractions and the solar matter density given in ref. [9] and tabulated in http:www.sns.ias.edu/∼jnb .
In Section 3, we determine the allowed range of the oscillation parameters using the CC event rate measured at SNO, the Chlorine and Gallium event rates (we use here the weighted averaged GALLEX/GNO and SAGE rates), and the 2 × 19 bins of the (1258 day) Super-Kamiokande electron recoil energy spectrum measured separately during the day and night periods. In this global analysis we adopt the prescription described in ref. [8] . We do not include here the Super-Kamiokande total rate, since to a large extent the total rate is represented by the flux in each of the spectral energy bins. We define the χ 2 function for the global analysis as:
Here σ R,ij is the corresponding 41 × 41 error matrix containing the theoretical as well as the experimental statistical and systematic uncorrelated errors for the 41 rates while σ Sp,ij contains the assumed fully-correlated systematic errors for the 38 × 38 submatrix corresponding to the Super-Kamiokande day-night spectrum data. We include here the energy independent systematic error which is usually quoted as part of the systematic error of the total rate. The error matrix σ R,ij includes important correlations arising from the theoretical errors of the solar neutrino fluxes, or equivalently of the solar model parameters.
When considering just the total rates (see Section 4), we adapt the χ 2 definition of ref. [15, 17] to include the two different gallium rates and the new SNO CC event rate. The χ 2 for this case is
where R th i is the theoretical prediction of the event rate in detector i and R exp i is the measured rate. The error matrix σ ij contains the experimental errors, both systematic and statistical, as well as the theoretical uncertainties on the solar neutrino fluxes and the interaction cross sections. The theoretical error matrix includes important correlations arising from the theoretical errors of the solar neutrino fluxes, or equivalently of the solar model parameters. Furthermore for the GALLEX/GNO and SAGE rates, the corresponding theoretical errors for the interaction cross section are assumed to be fully correlated.
One of the largest systematic uncertainties in interpreting the SNO CC measurement results from the uncertainty in the absolute value of the neutrino absorption cross section on deuterium [1, 18] . We have used in our calculations the cross sections calculated by Nakamura et al. [19] , which are in good agreement with the results of Butler et al. [20] . Most recently, Beacomand Parke [10] have argued that there may be a 6% increase in the cross sections evaluated by Nakamura et al and Butler et al. due to a combination of factors represented by a 2% correction to g 2 A , and two other factors related to radiative corrections [21] . We follow the SNO collaboration [1, 22] in including the 2% correction from g 2 A in our standard calculations. In order to test the sensitivity of the global fits to the effects of radiative corrections, we have repeated all of our calculations with a CC cross section for SNO that is increased by an additional 4% relative to the standard cross sections. We shall describe these calculations in the text as having been done with the 'enhanced CC cross sections."
For the SNO CC calculation, we have used the resolution function given in ref. [1] , which is slightly broader than we have assumed in our previous analyses.
Global Solutions including Rates and Day-Night Spectra
We describe in this section global solutions obtained by using all the relevant solar The input data include the total rates from the Chlorine [2] , Gallium (averaged) [3, 5, 4] , Super-Kamiokande [6] , and SNO [1] experiments, as well as the recoil electron energy spectrum measured by Super-Kamiokande during the day and separately the energy spectrum measured at night. The C.L. contours shown in the figure are 90%, 95%, 99%, and 99.73% (3σ). The allowed regions are limited by the Chooz reactor measurements [23] to mass values below ∼ (7-8) ×10 −4 eV 2 . The local best-fit points are marked by dark circles. The theoretical errors for the BP2000 neutrino fluxes are included in the analysis.
neutrino and reactor data. Figure 1 shows the globally allowed solutions when the Super-Kamiokande recoil energy spectrum during the day and, separately, the energy spectrum at night are included in addition to the total rates in the Chlorine [2] , Gallium (averaged) [3, 5, 4] , and SNO [1] experiments. In order to avoid double counting the Super-Kamiokande total rate(cf. ref. [8] for a discussion of this point), we have not included the Super-Kamiokande rate [6] in addition to the Super-Kamiokande day and night energy spectra, which each contain their own absolute normalizations. We have used the Chooz reactor bound [23] to limit the allowed solutions to mass values below ∼ (7-8) ×10 −4 eV 2 . Figure 1 is our currently preferred global solution.
All eight of the allowed solutions for active and sterile neutrinos that existed before the SNO CC measurement (e.g., ref. [8] ) are still allowed at 3σ after including the results of the SNO CC measurement. Table 1 gives the best-fit parameters for each of the eight allowed oscillation solutions illustrated in Figure 1 . We give in Table 1 and the goodness-of-fit for each of the best-fit points. The solutions described by the acronyms like LMA and Just So 2 can be identified in Figure 1 with the aid of Table 1 by using the association between the solution acronyms (column 1) and the values of ∆m 2 (column 2). The LMA active solution is the best-fit, but is only slightly better than the LOW and VAC active solutions. The SMA solution is a significantly less good fit than the LMA and LOW solutions. The goodness-of-fit ranges from 59% for the LMA active solution to 15% for the Sterile VAC solution, all satisfactory fits to the available data.
The five active solutions, LMA, SMA, LOW, VAC, and Just So 2 all appear clearly in the left hand panel of Figure 1 , although the allowed area of the SMA solution has shrunk significantly relative to the pre-SNO situation (cf. refs. [8, 11] ). 1 The largest reduction in allowed area occurs for the Sterile SMA, which is barely visible at 3σ C.L. in the right hand panel of Figure 1 . The other sterile solutions are not much affected at 3σ by the SNO CC measurement, although they have also become somewhat less likely. For oscillations among only active neutrinos, the statistical criteria used to define the allowed regions are not unique. One could assume that there are no sterile neutrinos (one cannot assume that are no active neutrinos.). If one knows a priori that Nature does not contain light sterile neutrinos, then we live in the slice of solution space corresponding to cos 2 η = 1. Given this a priori knowledge, the regions at a given C.L. would be 2-dimensional and then the analysis for the active neutrino oscillations would be the standard one with regions at a given C.L. defined in terms of ∆χ 2 (C.L., 2 d.o.f.) (see discussion in Section 2 following Eq. 2.1). In this approach, the active SMA region would appear only at 3σ since χ 2 SMA −χ 2 LMA = 10.1. We can learn something very instructive about the existence or non-existence of the SMA solutions from a varaiation on this analysis scheme. The relative quality of both the active and the sterile SMA solutions with respect to the active LMA solution is slightly dependent on the way the normalization of the Super-Kamiokande total rate and the theoretical solar model errors are included in the analysis. If, as has often been done in the past, we include in the analysis the Super-Kamiokande total event rate but allow a free normalization for the Super-Kamiokande day and night energy spectra, we obtain a relatively worse g We trace the origin of the difference in the presence or absence of the SMA solution to the effect of the energy independent errors. When introduced in the spectrum, as we do in our analysis, even if fully correlated, the energy independent systematic and solar model errors result in a sligtly smaller correlation among the errors of the different energy bins in the spectrum. We have included in the present paper the effect of the theoretical, BP2000 errors on the predicted rate in each bin of the spectrum. This theoretical error in the total flux produces an effectively energy dependent error if the survival probability depends upon energy and is therefore not equivalent to considering the theoretical error to apply only to the scale factor or to the total rate. As a consequence, the spectrum becomes less rigid and allows a better fit for the SMA solutions.
The question of whether or not the SMA solution is ruled out at 3σ is an example where we think it is useful to apply the motto: "If it is not robust, it is not believable." Table 2 : Best-fit global oscillation parameters with an enhanced CC cross section for deuterium, corresponding to Figure 2 . The input data used in constructing this table were the same as were used in constructing Table 1 except that for this table we adopted a 4% larger CC cross section for deuterium.
What is the effect of the possibly enhanced cross section discussed in ref. [10] and in Section 2? Figure 2 and Table 2 show the results that are obtained when a CC cross section enhanced by 4% is assumed for deuterium. It is instructive to compare directly Figure 2 and Table 2 with Figure 1 and Table 1 . Doing so, we see that no qualitative changes are induced by using the larger CC cross section for deuterium. The main quantitative change is that the allowed regions for the SMA solutions, both active and sterile, become slightly smaller and less statistically likely when the larger CC cross section is assumed. All of the sterile neutrino solutions become slightly less good fits.
The wonderful measurement of the ν e flux of 8 B neutrinos that has recently been reported by SNO [1] is the first quantitative result reported by this collaboration. It is therefore plausible that the error on the ν e flux will decrease with time as the systematic uncertainties become better understood and the statstical errors are reduced by counting more events. In an uncontrolled burst of optimism, we have hypothesized that the quoted experimental error on the ν e flux will be ultimately reduced by a factor of three while the best-estimate value for the ν e flux will be unchanged. Figure 3 shows the effect on the globally allowed solutions of reducing the total error on the CC flux measurement of SNO by a factor of three relative to the total error quoted in ref. [1] . Comparing Figure 3 with Figure 1 , we see that a factor of three improvement in the quoted error could eliminate at 3σ both the active and the sterile SMA solutions and disfavor (rule out at 3σ) the active (sterile) Just So 2 solution. The allowed LMA and LOW solutions would not be much affected by even a factor of three reduction in the error in the ν e flux, the main effect being a modest reduction of the area of the allowed LMA solution in the ∆m 2 -tan 2 θ plane.
Does it make a difference if we constrain the 8 B neutrino flux according to the predictions of the standard solar model? This is an important question to answer, since one can give reasonable arguments on both sides of the question as to whether or not it is more appropriate to constrain the 8 B neutrino flux. Arguing in favor, one can point out that the standard solar model provides relevant information about the solar interior and about the rates of solar fusion reactions. Moreover, the standard solar model is remarkably successful in predicting results in agreement with helio- seismological measurements [9] . On the other hand, we would like to determine the 8 B neutrino flux indepenent of solar model considerations. For a model-independent analysis, we must allow the 8 B neutrino flux to vary freely. Figure 4 shows the result of an analysis that is identical to our standard analysis except that the 8 B neutrino flux was not constrained by solar model predictions. The three most favored solutions all involve large mixing angles; they are (with their associated g.o.f): LMA (59%), LOW (39%), and VAC (35%). The g.o.f. for all the other solutions is less than 20%.
Comparing Figure 4 and Figure 1 , we see that the favored, large angle solutions, LMA and LOW, are not changed significantly. However, the allowed regions for the SMA and Just So 2 solutions, both active and sterile, are reduced in size by performing a 8 B-free analysis. The sterile SMA allowed region is reduced to almost a point in Figure 4 . To find the sterile SMA in Figure 4 , one has to know where to look, namely, near the ∆m 2 and tan 2 θ for which the best-fit SMA solution appears for active neutrinos. Also, the small sterile VAC region that appears in Figure 1 disappears entirely in Figure 4 , It is difficult to anticipate intuitively the quantitative difference between global solutions obtained without and without constraints on the 8 B neutrino flux. This is particuarly true for the less robust solutions, like all of the sterile solutions and the 
Rates-only Global Solutions
We describe in this section global solutions obtained by considering only the total rates in the Chlorine, GALLEX/GNO, SAGE, Super-Kamiokande, and SNO (CC) solar neutrino experiments. We also evaluate the effects of varrying the 8 B neutrino flux unconstrained by solar model predictions and of increasing the CC cross section for SNO. Figure 5 and Table 3 present the allowed solution regions and the best-fit parameters for the global analysis of only the total rates. The best-fit point is in the VAC region with the LMA solution giving a rather similar χ 2 min . For the LMA, SMA, and LOW solutions, the results appear superficially similar to what is obtained when the Super-Kamiokande spectral data for both the day and the night are included in the analysis (cf. Figure 1 and Figure 5 ). However, the g.o.f. is poorer (cf. Table 3 : Best-fit parameters for total rates only, corresponding to Figure 5 . The format of this table is the same as for Table 1 . The two rates measured by the Gallium experiments, (GALLEX [3] and GNO [5] ) and SAGE [4] , are included separately. The number of degrees of freedom is 2 [5(rates) −3(parameters: ∆m 2 , θ, O = active or sterile neutrino)]. The Sterile SMA solution does not appear in Figure 5 because χ 2 min is too large for this solution, but the result is given in the table for general information. reflects the fact that solutions which predict a flat spectrum in the energy region studied by Super-Kamiokande are favored.
The principal changes that result from omitting the spectral and the day-night data are for the vacuum solutions near 10 −10 eV 2 , the Just So 2 solution, and the Sterile SMA solution. The vacuum solutions are much more prominent when the spectral data are not considered. This is a well-know effect and has been noted in many previous analyses. The Just So 2 solution is missing when only the rates are considered, which is largely due to the imposition of the BP00 theoretical constraint on the 8 B flux [8] . The sterile SMA solution also disappears completely at 3σ (just barely, see Table 3 ). Figure 6 and Table 4 show that enhancing the CC cross section by 4% has very little effect on the allowed regions when only the data on total event rates is considered. This result is seen most clearly by comparing directly Figure 5 and Table 3 with Figure 6 and Table 4 . Figure 7 shows the allowed solutions that are obtained when the 8 B flux is permitted to vary freely, without considering the constraints implied by the standard solar model. The only obvious differences between Figure 7 and Figure 5 , for which the 8 B flux was constrained by the BP00 flux predictions, are that the Just So 2 solutions appear when the flux is allowed to vary freely and the sterile SMA solution is restored at a 3σ C.L. Since the Just So 2 solutions correspond to a 8 B flux that is small compared to the BP00 flux ( 0.46 of the BP00 flux, cf. refs. [8, 24, 25] ), these solutions are disfavored when the BP00 flux constraints are imposed.
Finally, we have investigated the effect of reducing the total error on the ν e Table 4 : Best-fit parameters for total rates only with enhanced CC cross section for deuterium, corresponding to Figure 6 . The input data for this analysis are the same as for the analysis described by Table 4 except that a 4% larger CC cross section for deuterium was used here.
flux measured by SNO. We have supposed, in the same burst of wild optimism that prevailed previously (see Section 3, especially the discussion of Figure 3 ), that the total error on theν e flux is reduced by a factor of three while the best-estimate for the flux remains unchanged from the value quoted by ref. [1] . We find results consistent with the discussion of Figure 3 , which applies to the case when all the available solar neutrino data are included in the analysis. In the present case, we find that the SMA solution is greatly reduced in area. The LMA and LOW solutions are not qualitatively affected.
Discussion
Our principal conclusions are simple to state.
First, for every one of the analysis strategies used in this paper, the favored solutions all involve large mixing angles: LMA, LOW, or VAC. The MSW solutions are favored over the vacuum solutions if all of the data, not just the total rates, are considered.
Second, all eight of the previously recognized two component oscillation solutions are still allowed at 3σ if one considers in the analysis the solar model constraints on the 8 B neutrino flux and all the available neutrino data, including the SNO CC measurement and the Super-Kamiokande spectral energy distributions in the day and at night. The goodness of fit for all of these solutions ranges from good to satisfactory. The results are shown in Figure 1 and Table 1 , which describe the currently preferred global solution.
Third, even the extreme assumption of ignoring all the Super-Kamiokande data on the spectral recoil energy distribution and the day-night variations does not change very much the allowed regions of the preferred solutions. Only the marginally allowed Just So 2 active and sterile solutions and the SMA sterile solution are not allowed at 3σ when the spectral and day-night data are ignored. This result can be seen by comparing Figure 5 with Figure 1 .
Fourth, the global solutions that are obtained with and without solar model constraints on the 8 B neutrino flux are very similar for the favored large mixing angle solutions. This result can be seen by comparing visually Figure 1 and Figure 4 (both constructed using all the available solar neutrino data) and Figure 5 and Figure 7 (both constructed using only the data on the total rates). The only apparent differences occur for marginally allowed regions like the sterile solutions and the active Just So 2 solution. The reason for the insensitivity to how the 8 B neutrino flux is treated is that the combined SNO and Super-Kamiokande measurement of the total flux [1] is in excellent agreement with the standard solar model prediction [9] .
Fifth, the allowed solution space is not qualitatively affected by a suggested [10] increase by 4% of the CC cross section on deuterium, although the allowed regions of the SMA and the Just So 2 solutions become somewhat smaller when the cross section is enhanced. This result can be inferred from a comparison of Figure 1 and Figure 2 .
Sixth, we have investigated the effect of reducing the total error by a factor of three on the experimental measurement of the ν e flux while the best-estimate flux remains constant at the value quoted in ref. [1] . The currently allowed LMA and SMA solutions are not much affected by this hypothetical and optimistic error reduction, but the SMA is eliminated at 3σ from the global solution with all the data included, as are also the active and sterile Just So 2 solutions. These results are apparent when comparing Figure 3 with Figure 1 .
In summary, the CC measurement by SNO has not changed qualitatively the globally allowed solution space for solar neutrinos, although the CC measurement has provided dramatic and convincing evidence for neutrino oscillations and has strengthened the case for active oscillations with large mixing angles. These results are robust and does not depend sensitively on the details of the analysis assumptions. Future SNO measurements [26] , including the day-night effect, the spectral energy distribution, and the neutral current to charge current ratio, will significantly reduce the allowed regions of parameter space [18] . The KamLAND [27] and BOREXINO [28] experiments will provide stringent diagnostics of different oscillation scenarios.
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